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Modifications of congruence permutability 
I V A N C H A J D A 
One of the most important congruence properties is congruence permutability. 
Recall that an algebra A is congruence permutable if 0 = 0 for each two 
congruences 0, «ÊÇCon A. This importance follows especially from two basic pro-
perties : If 0, are congruences on A, then 
(a) 0 • <P is a congruence on A if and only if 0 • <P=<P • 0 ; 
(b) if 6> .$ = <p.0, then in Con A. 
This implies among other things that congruence permutability makes it easy to 
investigate other congruence conditions, e.g. congruence regularity, distributivity, 
subdirect reducibility of subalgebras, etc. However, there are broad classes of al-
gebras which are not congruence permutable, but are very useful in applications. 
The aim of this paper is to show that such varieties can satisfy some weak modi-
fications. 
1. Ideal permutable algebras 
A variety "V is permutable if each AÇ.'f is congruence permutable. Permutable 
varieties were characterized by A . I. M A L ' C E V [6]. Let A be an algebra with a miliary 
operation 0 (briefly an algebra with 0). A is permutable at 0 (see [1], [5]) if 
[0]«.® = [ 0 W 
for each 0, $£Con A. Varieties of such algebras were characterized in [1], [2], [5]. 
In 1963, G . G R Â T Z E R [3] introduced an intermediate property. An algebra A has 
weakly associative congruences if for each subalgebra B of A and every 0, 4>€Con A, 
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Lemma 1. Let A be an algebra with a ternary polynomial p(x, y, z) and unary 
polynomials /„(x) (a£/) such that for each a,b of A there exists /?£/ with 
p(a, a, b) = b, p(a, b, b) = f„(a). 
Then A has weakly associative congruences. 
Proof. Let B be a subalgebra of A and 0, <££Con A. Suppose 
Then there exist a£B and c£A with b 6 c <P a. Hence b=p(a, a, b) 4> p(a, c, b) 
e p{a, b, b)=fp(a). However, a£B implies fp(a)£B and thus The 
converse inclusion can be proved analogously. 
Example 1. Let A — {0, a, b) be a three-element algebra with 0 and a binary 
operation "—" given by the table 
— 0 a b 
0 0 0 0 
a a 0 a 
b b b 0 
A has unary polynomials f(x)=x and f0(x)=x—x—0. Put p(x, y, z)=z—(y—x). 
Then 
p(x, x, z) — z— (x—x) = z—0 = z, 
{ f ( x ) for z = x /oW for z ^ x 
By Lemma 1, A has weakly associative congruences. However, A is not congruence 
permutable since 
(a, b)e 0 (0, a) • 0 CO, b) and (a, b)$& (0, b) • 0 (0, a). 
Denote by Fy(xl5 ..., x„) the free algebra of the variety f , generated by the 
free generators ..., xn. We show that for varieties of algebras, the concept of 
weakly associative congruences gives nothing new. 
Theorem 1. Let 'f be a variety of algebras. The'following conditions are equi-
valent: • 
(1) "V is permutable; 
(2) every Ad'V has weakly associative congruences. 
Proof. Evidently, (1)=>(2). We prove (2)=K1). Let "f satisfy (2). Clearly 
is a subalgebra of iy(x,y, z) and zÇ [[^(x)]«]» for <P=0(x, y), 0 = 0(y, z). 
By (2), this implies z£[[Fr(x)]e]0, i.e. there exist elements b£Fr(x), c£Fr(x, y, z) 
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such that (z, (c, b)£0(y, z). Hence c=p(x,y,z), b =f(x) for some 
ternary or unary polynomials p or / , respectively. The foregoing relations yield 
z = p(x, x, z), p(x, z, z) = f(x). 
By putting z=x we obtain x=p(x, x, x)=f(x), hence z=p(x,x,z), p(x, z, z)=x, 
which implies permutability, see [6]. 
On the other hand, this concept can be modified so that subalgebras of A are 
required to be of a special kind. 
Def in i t ion 1 (see [5]). Let JT be a class of algebras of the same type with 0. 
An (n+»i)-ary polynomial p(x, j5) is an ideal polynomial in y if p(x, 0)=0 is an 
identity in A subset 7^0 of is an ideal if for each ideal polynomial 
P{X, y) in y, 
a€A", t€lm imply p(a, !)£/. 
Evidently, the intersection of any system of ideals is an ideal, thus we introduce 
the ideal I(x) generated by a single element x€A as the intersection of all ideals 
containing x. From Lemma 1.2 in [5], we obtain immediately: 
Lemma 2. Let Abe an algebra with 0. For each c£A, 
1(c) = {p(a, c); a€A", p(x, y) is an (n+l)-ary ideal polynomial in y}. 
Defini t ion 2. An algebra A with 0 has ideal permutable congruences if [[7]«]®= 
= [M®]e for each 0, i»£Con A and every ideal I of A. A variety "V with 0 has 
ideal permutable congruences if each has this property. 
Remark 1. Clearly, every permutable variety with ideals has also ideal per-
mutable congruences. On the other hand, putting /={0} we obtain immediately 
that permutability at 0 is a special kind of ideal permutability of congruences. 
Lemma 3. For a variety "V with 0, the following conditions are equivalent: 
(1) Fir(x,y, z) has ideal permutable congruences; 
(2) there exists a ternary polynomial p(x, y, z) such that 
p(x, x,z) = z and p(x, z, z)£l(x). 
Proof. Let I(x) be the ideal of Fy(x, y, z) generated by x. 
(1)=>(2): Put 0=0 (y,z), <P=0(x,y). Then z€-[[/(x)]®]e. 
By (1), ze[[J(x)]„]®, whence (2) is evident. 
(2)=>(1): Let / be an ideal of Fy(x, y, z), let 0, <P£Con Fy(x, y, z) and c£ [[/]„]<,. 
Then there exist elements adFY(x, y, z) and i£I with (c, a)£ 0, (a, i)£<P. Put d= 
=p(i, a, c). By (2), we have 
(c, d) = (p(i, /, c), p(i, a,c))e$, (d, p(i, c, c)) = (p(i, a, c), p(i, c, c)X&, ...., 
and p(i, c, c)€/( /)e/ . Thus cC^/Je]®. 
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-228 I. Chajda 
Theorem 2. For a variety "V with 0, the following conditions are equivalent: 
(1) y has ideal permutable congruences; . . 
(2) there exist a ternary polynomial p(x,y,z) and a binary ideal polynomial 
fiz, x) in x such that 
p(x, x, z) = z and p(x, z, z) = f(z, x). 
Proof. (1)=>(2): If y has ideal permutable congruences, then Fr(x,y, z) also 
has this property. By Lemma 3, there exists a ternary polynomial p(x, y, z) with 
p(x, x, z)=z and p(x, z, z)£/(x). By Lemma 2, there exists an (n+l)-ary ideal 
polynomial ...,xn, x) in x such thatp(x, z, z)=g(x1, ..., x„, x). Since Fr(x, y, z) 
has three generators x, y, z, we can take n=3 and x2—y, x3=z, thus 
p(x, z, z)=g(x, y, z, x). Moreover, p(x, z, z) does not depend on y, thus g also has 
this property. Hence p(x, z, z)=/(z, x) for some ideal polynomial /(z, x) in x. 
(2)=>(1): Since for /£/ we have f(z, i)£/(i), this implication can be proved in a 
routine way. 
2. Permutability in lattice varieties 
By a lattice variety we mean a variety "f of type T={V, A, ...} such that the 
reduct of A ^ y onto {V, A} is a lattice. 
Remark 2. It is known that every relatively complemented distributive lattice 
is congruence permutable. Denote by r[x, y, z) the relative complement of y in the 
interval [xAyAz, x\ly\lz]. Denote by 9t the class of all relatively complemented 
distributive lattices. Clearly 3H is a lattice variety of type e=(V, A , r ) . Since 
r{x, x,z)—z and r(x,z,z)=x, Sk is permutable. 
Remark 3. Let L be a pseudocomplemented lattice with 0. Put fix, y)=xhy* 
(y* is the pseudocomplement of y). Denote by Sf the class of all pseudocomplemen-
ted lattices. Then if is a lattice variety of type <T=<V, A, *, 0), where * is the unary 
operation of pseudocomplementatión. Clearly, 
"./(*, x) = xAx* - 0,. fix, 0) = jcAO^ = x, 
thus; satisfies .the identites qf [l]:ensuring_ permutability at 0.(however, ¥ is not 
permutable). 
Theorem 3. A lattice variety "V with 0 has ideal permutable' congruences if 
and only if there exists a ternary polynomial p{x,y,z) such thai p(x, x,z)=z and 
p(x, z, z ) sx . . 
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Proof. Let L be a lattice with 0. Clearly, p(x, y)~xhy is an ideal polynomial 
in y and 
1(c) = {p(a, c); a£L and p(x, y) = xAy} = {b£L; b S c}. 
By Theorem 2, "V has ideal permutable congruences if and only if Fr(x, y, z) has 
this property. Hence, the assertion follows directly from Lemma 3. 
Let L be a lattice and a, b be elements of L. An element a*b is a relative pseudo-
complement of a with respect to b (see [4]) if for any x£L we have 
(*) a h x ^ b if and only if x ^ a * b . 
Denote by 0> the class of all relative pseudocomplemented lattices with 0, i.e. 2P is a 
class of type 7t = (V, A, *, 0) where * is a binary operation of relative pseudo-
complement. 
Theorem 4. Each lattice variety "V^SP (of type n) has ideal permutable 
congruences. SP is not permutable. 
Proof. Put p(x,y, z)=(y*x)Az. Thenby(*), 
p(x,'x, z) - x*xAz = lAz = z, p(x, z, z) = z*xhz ^ x. 
By Theorem 3, "V has ideal permutable congruences. By [4], a distributive lattice 
is congruence permutable if and only if it is relative complemented. Since there 
exist relative pseudocomplemented distributive lattices that are not relative comple-
mented, the second statement is evident. 
3. Weak permutability 
. The concept of congruence permutability can be localized. 
Def ini t ion 3. Let c£A. A is weakly permutable in c if 
(x, c)€ © and (c, y)£$ imply (x, y)£ $ • & 
for every x,y£A and each 6, Con A. A variety V with a miliary operation c 
is weakly permutable in c if each has this property. 
Theorem 5. Let "V be a variety with a nullary operation c. The following con-
ditions are equivalent: 
(1) "V is weakly permutable in c; 
(2) there exists a binary polynomial f(x,y) such that 
f(x,c) = x=f(c,x). 
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Proof. (1)=>(2): Since. <x, c)e@(x, c) and (c, y)£0(y, c) in Fv(x,y), (1) 
implies the existence of ddFr(x, y) with (x, d)£0(y, c) and (d, y)£ 0 (x, c). 
Hence d=f(x, y) for a binary polynomial f and (2) is evident. 
(2)=>-(l) can be proven in the routine way. 
Example 2. The variety of (V-semi-) lattices with 0 and the variety of addi-
tive groupoids with 0 are weakly permutable in 0, as we may put fix, y)=x\/y 
resp. f(x,y)=x+y. 
Remark 4. An algebra A is congruence permutable if and only if it is weakly 
permutable in each element c of A. If y is a permutable variety and mix, y, z) is 
its Mal'cev polynomial, put fy(x, z)=m(x, y, z) for each ydA^y Then 
fy(x, y) = mix, y, y) = x, fy(y, x) = miy, y,x) = x 
are the polynomials desired by Theorem 5. 
Defini t ion 4. Let p(x, y) be a binary polynomial in a variety Y. y is weakly 
permutable in pix, y) if 
(x, pix, y))£0 and (pix,y), imply (x,y)£$-0 
for each A^, for every x, y£A and every 0, &£Con A. 
Theorem 6. Let pix, y) be a binary polynomial in "V. The following conditions 
are equivalent: 
(1) y is weakly permutable in pix, y); 
(2) there exists a binary polynomial qix, j) such that 
q (x, p ix, >0) = x, q(p (x, y), y) = y. 
The proof is analogous to that of Theorem 4. 
Example 3. Every variety of lattices is weakly permutable in xVy (or in xAy). 
4. Relational properties 
H. W E R N E R [7] proved that permutability of is equivalent to some properties 
of compatible relations. We proceed to show how this can be modified for our 
modifications of permutability. A binary relation R on an algebra A is compatible 
if it has the substitution property with respect to all operations óf A, i.e. R is a sub-
algebra of AX A. 
Defini t ion 5. Let R be a compatible binary relation on an algebra A. R is 
ideal-transitive if (a,b)£R and (b, c)£R imply (a, c')£R for some c'í/(c). R is 
ideal-symmetric if (a, b)^R implies (b, a')£R for some a'£I(a). 
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Theorem 7. For a variety "V with 0, the following conditions are equivalent: 
(1) "V has ideal permutable congruences; 
(2) every reflexive compatible binary relation R on Ad'f is ideal-transitive; 
(3) every reflexive compatible binary relation R on A^'f is ideal-symmetric. 
Proof. (1)=K2): If {a, b)£R and (b, c)£R, then also (p(b, b, a),p(c, b, b))£R 
for the ternary polynomial p(x, y, z) derived in Theorem 2, thus {a, c')dR for c'= 
=p(c, b,b)<=I(c). 
(1)=*(3): Analogously, {a, b)£R implies (p(a, a, b),p(a,b,b))£R thus {b,a')£R 
for a'=p(a, b, b)£l(a). 
(2)=>(1): Let R be a reflexive compatible binary relation on Fr(x,y,z) gene-
rated by the pairs (z, y) and (y, x). Then (z, y)dR and (y, x)£R and, by (2), there 
exists d£I(x) such that (z, d)£R. Hence, there exists a 5-ary polynomial q(xi, x2, x3, 
x4, x5) with z=q(y, z, x, y, z) and d=q(x, y, x, y, z). Put p(x, y, z) = q(x, z, x, y, z). 
Then 
p(x, x, z) = q(x, z, x, x, z) = z, p(x, z, z) = q(x, z, x, z, z)£l(x). 
(3)=>(1): Let R be a reflexive compatible binary relation on Fr(x,y) generated 
by the pair (x,y). Then (x,y)£R and, by (3), (y, c)(LR for some c£I(x). Hence, 
there exists a ternary polynomial p(x, y, z) with y=p(x, x,y), c=p(x,y,y). 
Theorem 8. Let "T be a variety with a nullary operation c. The following con-
ditions are equivalent: 
(1) y is weakly permutable in c; 
(2) every compatible relation R on A^f satisfies: if (a,c)£R and (c,b)£R, 
then (a, b)£R. 
Proof. (1)=>(2) is evident. We prove (2)=>-(l). Let J? be a compatible binary 
relation on Fv(x, y) generated by two pairs (x, c) and (c, y). Then (x, c)£R, (c, y)€R 
imply (x,y)ZR, i.e. there exists a binary polynomial / such that 
(x, y) =/«*, c>, (c, y)). 
By writing this componentwise, we obtain (2) of Theorem 5. 
The proof of the following theorem is analogous. 
Theorem 9. Let p(x, y) be a binary polynomial of the variety "K The following 
conditions are equivalent: 
(1) "K is weakly permutable in p(x,y); 
(2) every compatible binary relation R on A^V satisfies: if (a,p(a, b))€R and 
<p(a,b),b)£R, then (a, b)£R. 
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